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The measurement of diffusion coefficients in multicomponent liquid mixtures is still
an open question. A new technique aimed at o®ercoming this deficiency is presented. It
is based on Raman spectroscopy, which has been extended to obtain liquid concentra-
tion data of all components in a mixture simultaneously with high temporal and spatial
resolution. The following data analysis uses model-based methods. This pro®ides a ®ery
flexible framework, allowing substantial reduction of experimental effort and time and
the direct estimation of the diffusion coefficient as a function of concentration. Further-
more, the experimental procedure is impro®ed using optimal experimental design tech-
niques. This new methodology is ®alidated for binary mixtures.

Introduction

Diffusion is the rate-limiting step in many mass-transfer
operations, such as distillation, extraction, absorption, and in
Ž .heterogeneous chemical reactions. Therefore, knowledge
about the laws describing the diffusive mass transport is re-
quired in order to design mass-transfer equipment. In the case
of nonideal liquid mixtures, the diffusion rate can only be

Ž .calculated with large uncertainty Reid et al., 1987 . For mul-
ticomponent mixtures the model structure itself is not known
Ž .Taylor and Krishna, 1993 . This is due to the limited amount
of data available on multicomponent diffusion coefficients.

Today, there are a number of established methods for the
measurement of constant diffusion coefficients in binary and

Žternary mixtures, for example, interferometry Miller et al.,
. Ž .1993 and Taylor dispersion Leaist, 1990 . The equipment is

specialized to diffusion measurements and the experiments
last rather long. The main drawback of these methods is that
they rely on scalar quantities like the refractive index or the
conductivity, which cannot be associated unambiguously with
concentration in the case of multicomponent systems. There-
fore, measurements of diffusion in quaternary mixtures are
already very scarce. To our knowledge quaternary diffusion
coefficients in nonelectrolyte mixtures have only been mea-

Ž .sured in one case Rai and Cullinan, 1973 .

Correspondence concerning this article should be addressed to W. Marquardt.

On the other hand, techniques based on spectroscopy do
allow the direct determination of the mole fractions of all
components in a mixture. Today, these concentration mea-
surements are still expected to be less precise than those with
established methods. But spectroscopic methods will allow
faster measurements in multicomponent and even reactive
mixtures. Therefore, we are developing a novel procedure for
the measurement of diffusion in liquids using Raman spec-
troscopy.

In addition we use model-based techniques for the analysis
and design of the experiments. In the established methods
several assumptions have to be made in order to simplify the
analysis. Furthermore, additional experimental effort is re-
quired in order to obtain a step profile as an initial condition.
These restrictions do not apply to our approach. A detailed
model of the process is used and arbitrary initial conditions
can be handled. The model further allows the use of optimal
experimental design techniques where the free variables of
the experimental procedure are chosen in order to improve
the precision in the measured diffusion coefficient. Finally,
the model-based approach offers the possibility for an in-de-
pth analysis of the experiments.

The measured Fick diffusion coefficients are in general a
Ž .strong function of composition Taylor and Krishna, 1993 .

This dependence is usually estimated from several point
measurements of the diffusion coefficient that are then inter-
polated, usually by a low-order polynomial function. The se-
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lection of the number of experiments and of an adequate
function for interpolation is usually not rigorously analyzed.
In contrast, the method presented here allows the direct esti-
mation of the concentration dependence of the diffusion co-
efficient.

In this article our methodology for binary diffusion as the
natural starting point for a new measurement principle is
presented. Experimental results are given for the system of
toluene and cyclohexane to validate the new approach. The
final aim of our research is the development of a flexible and
fast model-based measurement procedure for studying mass
transfer in multicomponent mixtures, even including reac-
tions at a later point of time.

Experiment
In the last years, Raman spectroscopy has been extended

Žto one-dimensional Mewes et al., 1999; Rabenstein et al.,
. Ž1998 and two-dimensional Grunefeld et al., 2000; Kyritsis et¨

.al., 2000 noninvasive measurements of concentration in mul-
ticomponent mixtures. Depending on the application, the
method has been optimized either toward spatial or temporal
high-resolution or toward the precise determination of con-
centrations. In this work we have improved precision as well
as spatial and temporal resolution at the same time. We are
now able to observe the concentration profiles of both com-
ponents in diffusive mass transfer with sufficient accuracy and
resolution for the measurement of diffusion coefficients.

Experimental setup
The experimental setup for the measurement of diffusion

by Raman spectroscopy is shown in Figure 1. It consists of
four main parts and is mounted on an antivibration table.

Ž . ŽThe focused beam 50 �m of an argon ion laser Spectra
.Physics, excitation wavelength 514.5 nm, power 0.5 to 10 W

is directed through the diffusion cell filled with a liquid sam-
ple. We use a simple square quartz cell with inner dimen-
sions of 10�10�40 mm. The measuring line extends from
the very bottom of the cell up to a height of 8 to 10 mm,
always including the initial boundary zone. In transparent
samples only a negligible amount of energy is absorbed by

Ž .the liquid. Since varying the low stimulating laser power has
no perceptible influence on the shape of concentration pro-
files local heating at the laser beam can be neglected.

Ž .A macrolens Nikon Nikkor 200 mm 1:4D collects the Ra-
man signal at an angle of 90�. Afterwards the signal is cleared

Ž .up by a holographic NOTCH filter Kaiser Optics . Here we
use a narrow bandwidth filter to eliminate the disturbing,
much more intensive stimulating wavelength. Another lens
focuses the signal toward the entrance slit of the spectro-

Ž .graph ARC Spectra Pro 500 i .
The grating of the spectrograph�with 300 or 1200 lambert

Ž .L rmm, depending on the required resolution�resolves the
first-order diffraction into a spectrum without distorting the
one-dimensional image of the measuring line. The two-di-

Žmensional image created this way one spatial and one spec-
.tral dimension is recorded by an air-cooled charge-coupled
Ž .device camera Roper Scientific NTErCCD-1340r400 . The

Ž .photosensitive chip back-illuminated has an efficiency of
Ž .about 90% conversion from a photon to an electron in the

considered wavelength range of 500 to 600 nm. Every row of
the chip, a total of 400, is collecting the Raman spectrum
from a small segment of the one-dimensional measuring line.
The dimension of this segment is called spatial resolution and
at present measures 20 to 25 �m per row, depending on the
particular system studied. After one exposure, the data col-

Figure 1. Experimental setup.
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lected by the chip have to be stored. This leads to a minimal
time delay for the next earliest possible exposure, which
amounts from 10 s for full spatial resolution down to 1.5 s for
reduced spatial resolution with only 50 instead of 400 data
points.

The most complicated step in the preparation of a series of
experiments is the adjustment of the entrance slit to the opti-
cal axis of the beam passing the diffusion cell. A precise
alignment is possible, because the best position is related to
the maximum signal intensity over the entire image height.

Spectra analysis and calibration
In this section a short overview about our procedure of

Raman spectra analysis will be given. The spectra are used
here to obtain the mole fractions of all components in a liq-
uid mixture. A detailed presentation of the analysis of over-

Ž .lapping spectra can be found in Koss et al. 2001 .
One of the basic assumptions of Raman spectroscopy and

the basis of calibration is the existence of a linear relation-
ship between the intensity of a signal and the concentration
for each component. The measured intensity, I , at the fre-i
quency � can then be expressed as

� si
I � �� s c d��� � . 1Ž . Ž . Ž .i i O2 cr 	 i

For a single exposure, the stimulating power, �, the radius of
the laser beam, r, and the thickness of the irradiated sample
ds2 r, the time �� of exposure, and the total optical effi-
ciency � are constant for all components, while the molarO
concentration, c , and the Raman scattering coefficient, si i
Ž .Schrader, 1995 , may differ. To reduce statistical errors, the

w xspectrum is analyzed in an interval � , � , which con-min max
tains all characteristic vibrational bands. Integrating over this
frequency range leads to the so-called integrated intensity

Ž .A � , �i min max

� s� ma x i
A � , � �� s c d�� � � . 2Ž . Ž . Ž .Hi min max i O2 cr 	 � imin

In a mixture with n components, the species j is chosen as ac
Ž .reference component. Dividing Eq. 2 by the intensity of the

reference component, the expression becomes

s� ma x i
� � d�Ž .H OA � , � c ccŽ . �i min max i iimins s k � , � ,Ž .i j min maxs� ma x jA � , � c cŽ .j min max j j� � d�Ž .H Oc� jmin

3Ž .

Ž .where the proportionality factor k � , � between thei j min max
ratios of molar concentration and the integrated intensities
has to be determined by calibration. Since the frequency in-

w xterval, � , � , is the same for all measurements, the de-min max
pendency of A and k on it is omitted in the following.i i j

Calibration
For a mixture of n components, at least n y1 linear in-c c

dependent proportionality factors, k , have to be deter-i j
mined. These factors may depend on the position and con-
centration due to systematic errors concerning the optical ad-
justment and further spectra analysis.

We calibrate our assembly in so-called spatially resolved
mode: a one-dimensional Raman spectrum of a homoge-
neous sample is recorded. Instead of adding the signal of all
array detector rows first and analyzing it afterwards, the
spectrum of every single row z is analyzed individually. The

Ž .parameter k z can be calculated fromi j

A z rA zŽ . Ž .i j
k z s . 4Ž . Ž .i j c z rc zŽ . Ž .i j

ŽBy division by the arithmetic mean value of k averagedi j
.over all 400 rows of the detector , a specific spatial correction

is calculated. It is typically less than 1% of the average value.
By this procedure it is possible to detect and correct local
optical distortions.

Spectral analysis
In order to compute the proportionality factor from Eq. 4,

the integrated intensities, A , have to be inferred from thei
spectral measurements. Recently, a new computational tech-
nique for spectra analysis has been developed by Koss et al.
Ž .2001 , which is more flexible than, for example, PLS meth-
ods. In PLS methods nonlinearities have to be compensated
by superposing the nonphysical Eigen values, whereby the
number of parameters increases. In contrast to this statistical
correction, we interpret, for example, a lateral movement of
a Raman band as a physical property of the spectrum stud-
ied. More important is the fact that PLS methods fail in the
analysis of reactive mixtures, where some components cannot
be set in a known concentration in the calibration procedure.
Our method does allow the interpretation of such systems.
This will be important for future research activities of study-
ing reactions and diffusion simultaneously. The developed
method itself is a general-purpose tool applicable to other
spectral methods.

A mathematical model of the spectrum has to be gener-
ated for every component of the mixture. Gauss, Lorentz, and
Voigt profiles are used to approximate the spectrum. For each
profile values of the position, the relative height and the half

Ž . Ž .width at half maximum HWHM are calculated Figure 2 .
Asymmetrical bands require an additional superposing of
smaller profiles to minimize the difference between the mea-
sured spectrum and the mathematical models. This is, for ex-
ample, necessary on both sides of the 802.5 cmy1 band of
cyclohexane. The background is usually fitted by a horizontal
straight line. For the optimization process the Levenberg

Marquardt algorithm is used.

In ideal systems the pure substance spectra strictly super-
pose in the mixture and just have to be arithmetically weighted
within the fitting procedure. Spectra of thermodynamically
nonideal mixtures differ slightly from direct superposing due
to molecular interaction. These spectra can be analyzed if
some free variables are introduced, allowing, for example, a
lateral movement of one Raman band. Position, relative
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Figure 2. Principle of substance modeling: first approx-
imation of two strong bands of cyclohexane.

height, and FWHM from pure substances are used as initial
values.

By this procedure a mathematical model of the spectrum is
obtained and the integrated intensities, A , can be computed.i
It should be noted that it is not necessary to assign the indi-
vidual bands to particular vibrational modes of a molecule
for our purpose.

In the calibration step these integrated intensities are mea-
sured for mixtures of known composition, and the propor-
tionality constant is calculated using Eq. 4.

Estimation of concentrations
In order to measure the concentrations of each component

in an unknown mixture, a spectrum model is developed as
described earlier. The integrated intensities, A , of all com-i
ponents are evaluated. The mole fraction of each component
in a mixture can then be calculated with the knowledge of
the proportionality factor k fromi j

y1y1n nc ccrc c A 1i j l l
x s s s . 5Ž .Ý Ýi nc ž / ž /Ý crc c A kls1 l j i i l jls1 ls1

This procedure allows the estimation of the concentra-
tions with a high accuracy. The absolute statistical error for
the mole fractions x y x is less than 0.0015i, calc. i, true value
Ž .0.15 % , while the relative local systematic deviations are

Ž .estimated to be smaller than 0.005 0.5% . These error esti-
mates were obtained by measurement of samples with known
composition that were not used during calibration and from
the diffusion experiments shown below.

Diffusion experiment
Before each series of experiments is started the adjustment

of the assembly is checked. First it is necessary that the bot-
tom of the diffusion cell is situated in the lower section of the

Ž .measuring line. The magnification factor MF , which relates
the length of the measuring line in the diffusion cell to the
corresponding image on the CCD detector, is obtained by

Figure 3. Shape of Raman spectra, depending on posi-
tion.

recording a transparent ruled grating positioned in the mea-
suring plane. The number of rows between two minima of
intensity on the chip, resulting from the dark marks of the
scale, are counted and averaged. In our experiments no spa-
tial dependency was found within the accuracy of the array
detector with discrete lines. This shows that the influence of
a refractive-index gradient over the height of the cell on the
magnification factor can be neglected. Finally, the spectra of
several calibration samples are recorded. They are taken from

Žpure substances FLUKA, purity 99.8 mass percent, no fur-
.ther purification and six to ten homogeneous mixtures. These

solutions are prepared by mass. The calibration procedure is
repeated after the experiment to check for optical distortion
during the time of the main experiment.

We perform restricted diffusion experiments, where the
concentrations at the bottom of the cell as well as the
liquid
vapor interface change during time. This is in contrast
to most other research groups using optical techniques to

Ž .study diffusion Miller et al., 1993 . It is more complex to
receive good optical quality of the signal near the bottom of
the cell due to reflections of the laser beam at the quartz
surface. But there is the advantage that the concentration
profiles contain much more information about the diffusion

Ž .model we want to determine see below . We also use rather
large concentration differences with � x f0.2 between thei
two initial phases. This is not a lower limit for the measure-
ment technique, but it is our aim to reduce the number of
experiments required to determine the concentration depen-
dence of the diffusion coefficient. Besides, undesirable con-
vective mixing, resulting from density inversion, is a minor
problem in our approach.

The quartz cell is first filled with the lighter solution up to
four-fifths of its inner height. Then, the denser solution is
injected below carefully with the help of a syringe pump
Ž .ABG . The filling is stopped when the denser solution has
reached a level of about 2
5 mm, measured from the bottom
of the cell. Then, the cell is closed with a thin PTFE-greased
glass cover. Now we take the first record, typically 120 s after
the beginning of substrating. The interval between two pic-
tures varies from 1 to 3 min, depending on the dynamics of

February 2003 Vol. 49, No. 2 AIChE Journal326



Figure 4. Time-dependent concentration profiles of tol-
uene during a diffusion experiment.

the expected transport process, which is influenced by the
initial concentration difference and the diffusion coefficient.
Figure 3 illustrates the different shapes taken from an early
record during the diffusion experiment of cyclohexane and
toluene. Spectra in the back at low row numbers of the height
coordinate result from the composition near the bottom of
the cell and refer to nearly pure toluene. The actual diffusion
zone is located in the region from 4 to 6 mm, where the spec-
tra from both pure substances overlap. Raman spectra in the
front of the figure�representing the top of cell�belong to
pure cyclohexane.

The time-dependent concentration profiles of each compo-
Ž .nent are calculated automatically Figure 4 from the ratio of

Ž .integral intensities Eq. 3 and the calibration coefficient
Ž .k z . Obviously, the quality of the data with respect to noisei j

is excellent; they are the basis for the estimation of the diffu-
sion coefficient.

In the first series of experiments we recorded the tempera-
ture in the cell, but have not yet used a temperature-con-
trolled cell. During a single experiment the change in tem-
perature was always less than 0.2 K, which has a rather small
influence on the speed of diffusion. We are currently build-
ing a temperature-controlled diffusion cell, so that we will
not have to convert the measured data of different days with

Ž .slightly differing temperatures 1 to 3 K to a standard tem-
perature anymore, where small errors can always occur.

Model Development
In order to employ model-based techniques for the analy-

sis of the diffusion experiment, a model describing the pro-
cess with sufficient accuracy is needed. In the established dif-
fusion-measuring procedures it is usually assumed that the
concentration difference between the two phases is small
enough to assume a constant Fick diffusion coefficient and to

Ž .neglect any volume effects Cussler, 1976 . The diffusion is
regarded relative to the volume-average velocity, which is zero
according to the stated assumptions. This leads to the model

� c � 2ci iVsD , 6Ž .2� t � z

which can be solved analytically for different boundary condi-
Ž .tions Crank, 1975 . This model allows the use of direct esti-

mation schemes for the diffusion coefficient, but prevented
the use of model-based experimental design techniques. In
addition the experiments are conducted in diffusion cells with
free diffusion boundary conditions in order to avoid experi-
mental difficulties at the boundaries of the diffusion cell and

Ž .to get a simpler analysis Dunlop et al., 1972 . The resulting
value for the Fick diffusion coefficient in the volume-average
reference frame has then to be converted to the molar-aver-
age reference frame in order to be compared with the models

Žproposed from theory see Taylor and Krishna, 1993, Chapt.
.3, Sec. 3.2.4 .

As stated earlier, we want to be able to cover larger con-
centration ranges in one experiment in order to estimate the
Fick diffusion coefficient over the whole concentration range
from just a few measurements. In addition, it seems benefi-
cial to estimate the diffusion coefficients in the molar-aver-
age reference frame directly. A constant Fick diffusion coef-
ficient in the molar reference frame allows a better descrip-
tion of the diffusion process for a wider concentration range,
since the coefficient in the volume-average frame is a stronger
function of composition. Furthermore, the new experimental
technique is designed to analyze multicomponent mixtures.
Therefore, we had to develop another model for the process.
The model consists of the total mole balance

� c �t �q c ® s0, 7Ž . Ž .t z� t � z

the component balances

� x � x � Ji i i�c q® � sy , is1, . . . , n y1, 8Ž .t z cž /� t � z � z

and the closing condition

nc

0s1y x . 9Ž .Ý i
is1

This model needs to be supplemented by an equation of state.
For many mixtures the volume of mixing can be neglected.
The total molar concentration, c , can therefore be describedt
by

nc1
s x V T , 10Ž . Ž .Ý i i0ct is1

assuming an ideal mixture. The model thus specified has a
differential index of 2. Index reduction by differentiation
Ž .Unger et al., 1995 gives the following algebraic equation for
the molar velocity:

nc
�® sy J V T , 11Ž . Ž .Ýz i i0

is1

which corresponds to uVs0. This relation replaces the total
Ž .mole balance Eq. 7 .
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For mixtures not allowing the assumption of an ideal mix-
Ž .ture Eq. 10 , the molar concentration can be described as

nc1
Es x V T qV x , . . . , x . 12Ž . Ž . Ž .Ý i i0 1 ncct is1

Ž .Then, the algebraic equation Eq. 11 is replaced by

� n y1 E Ec1 � c ® � V � Vt z s V yV q yŽ .Ý i0 n0 ž /c � z � x � xt i nis1

� x � Ji i�� yc ® � y , 13Ž .t zž /� z � z

�Ž .with ® t,0 s0. For mixtures with large excess volume ef-z
fects the contraction of the total liquid volume has to be con-
sidered. The extension to this case is straightforward if a suit-

Žable coordinate transformation is used see, e.g., Bausa and
.Marquardt, 2001 .

Finally, a model has to be specified for the diffusive flux
J . In order to compare our results to measurements from thei
literature, we used Fick’s law

� x1
J syc D . 14Ž .1 t � z

In the case of binary diffusion, the Fick diffusion coefficient,
D, can be directly related to the Maxwell
Stefan diffusion

Ž .coefficient, D
 Taylor and Krishna, 1993 by

� ln �1
Ds D
 � 1q x . 15Ž .1ž /� x1

These models can be solved with standard software for dy-
namic simulation. In our work we use the commercial simula-

Žtion environment gPROMS gPROMS Technical Document,
.2001 .

Experimental Design
Experimental results can be substantially improved by em-

ploying model-based optimal experimental design techniques
w Ž .xfor a survey, see Walter and Pronzato 1990 . Therefore, we
want to enhance our new experimental procedure using these
methods. There are some applications in the area of heat

Žtransfer Taktak et al., 1993; Alifanov, 1994; Emery and Ne-
.narokomov, 1998 , but to our knowledge this approach has

not been applied to the analysis of mass-diffusion phenom-
ena.

The goal of our analysis is the precise estimation of the
diffusion coefficient, D, from the mole-fraction measure-

Ž .ments, x t , z , available from Raman spectroscopy. The ex-j k
periment can be described in an abstract way as

x t , z s f t , z , D , x , p , js1, . . . , J ;Ž . Ž .j k j k 0

ks1, . . . , K , 16Ž .

Figure 5. Diffusion cell.

where f represents the experiment itself, including the mea-
suring procedure. This function depends on the unknown dif-
fusion coefficient, D, the initial condition, x , and the pa-0
rameter vector, p, representing experimental settings. The

Ž .experimental setup Figure 5 leaves several design variables
free to be chosen by the experimenter:

� The position of the measurement zone, p s z1 sensor
� The initial amount of the lower phase, p s z2 0
� The duration of the experiment, p s t .3 end

These parameters should be chosen so as to maximize the
precision in the final estimate of the diffusion coefficient, D.

A measure for the precision of the estimate is its variance.
An estimate for the variance can be given by the inverse of
the Fisher information matrix, which reduces to a scalar in
the case of one unknown considered here. It can be stated

Ž .under common assumptions as Walter and Pronzato, 1990

2N � x
Fs w , 17Ž .Ý i ž /� Dis1

where w denotes the weight of measurement i in the estima-i
tion procedure. This weight is usually chosen as the inverse

Ž .variance of the measurement error Bard, 1974 .
In recent years the techniques of optimal experimental de-

sign have been extended to include models of partial differ-
Žential equations e.g., Emery and Nenarokomov, 1998; Dieses

.et al., 2000; Vande Wouwer et al., 2000 . All these investiga-
tions deal with one spatial dimension. The problem is re-
duced to an optimal control problem for a system of differen-
tial-algebraic equations by some method-of-lines approach.
We took the same route in our work and use fourth-order
central finite differences to approximate spatial derivatives.
In the optimal control formulation we consider only the
time-invariant parameters just mentioned as free variables.

In order to evaluate the objective function, the sensitivities
of the measured quantity x with respect to the unknown pa-
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Ž .rameter, ss � xr� D , have to be known. For the computa-
tion of the gradient of the objective with respect to the pa-

w Ž 2 .xrameters p second-order derivatives here � xr� D� p are
required. The efficient solution of such optimization prob-

Ž .lems is still a field of active research e.g, Bauer et al., 2000 .
Therefore, we derive the sensitivity equations analytically by
differentiation of the model equations. For binary mixtures,
the sensitivity equation is given as

� s � s � 1 � c � J � ®� � x1 1 t 1 z 1�c q® � s J y yct z 1 tž / ž /� t � z � z c � D � D � D � zt

� s � x1 12q J V yV c yc V yV s , 18Ž .Ž . Ž .1 1 2 t t 1 2 1� z � z

with

� s1
s z , 0 s0 and 0,Ž .1 � z � 4zs 0, L

where

� ct 2syc V yV s 19Ž .Ž .t 1 2 1� D

� ®� � Jz 1sy V yV 20Ž .Ž .1 2� D � D

� J � x � s � c � x1 1 1 t 1syc qD y D . 21Ž .t ž /� D � z � z � D � z

We implemented the model augmented by the sensitivity

Figure 6. Iterative experimental procedure.

equation. The optimization problem is then given by

max F D , p 22Ž . Ž .
p

s.t. Eqs. 8, 9, 10, 11, 14

Eqs. 18, 19, 20, 21

p F pF p .1 u

This problem can be solved by standard software for dynamic
optimization.

Since the objective function depends on the unknown value
of the diffusion coefficient, D, as indicated in Eq. 22, an iter-
ative procedure has to be applied in order to develop an opti-
mal design. Here we have followed the general procedure
outlined in Figure 6. Starting from an initial guess for the
unknown diffusion coefficient, a first experimental design is
found. Here the initial value of the diffusion coefficient is

Ž .obtained by using the correlation of Siddiqi and Lucas 1986
for the diffusion coefficients at infinite dilution, D , and the0

Ž .correlation of Vignes 1966 to interpolate for the mixture
Ž .composition as recommended by Taylor and Krishna 1993 .

The thermodynamic factor is calculated using VLE data from
Ž .Gmehling and Onken 1988 . The initial experimental design

is then implemented and an experiment is performed. The
diffusion coefficient is estimated from the concentration data.
If the accuracy of the estimate is insufficient, a new experi-
ment is set up based upon the new value of the diffusion
coefficient; otherwise, the diffusion coefficient is found.

The results for the optimal experimental design will be
presented for the example system of toluene
cyclohexane.
This mixture was chosen because of its ideal behavior for Ra-
man spectroscopy and because density and diffusion data are

Ž .known from the literature Sanni et al., 1971 . The given data
Žand further density measurements A. Pfennig, personal com-

. Emunication, 2002 show that the volume of mixing V is neg-
Žligible for this mixture. Therefore, the simpler model Eqs. 10

.and 11 described earlier is sufficient in this case.
The results shown here use a fixed total height of the diffu-

sion cell of Ls25 mm. The spatial resolution corresponds to
Ž .a typical value for the current setup � zs0.025 mm , and 60

Figure 7. Scaled values for Fisher information measure
for t s1 h.end
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Figure 8. Scaled values for Fisher information measure
for t s2 h.end

profiles were obtained over time in each experiment. Accord-
Ž .ing to the data from the literature Sanni et al., 1971 , the

initial estimate of the diffusion coefficient is fixed at D s0
1.839�10y9m2rs. Figures 7 and 8 compare the scaled value
of the Fisher information measure for different initial setups,
measurement positions, and duration of the experiment. It
can be clearly seen that it is beneficial to perform the mea-
surements close to the boundary of the system. Furthermore,
it is optimal to use small amounts of the heavier phase as the
initial condition. This is again due to the fact that the highest
sensitivity with respect to the diffusion coefficient is found at
the wall. If the lower phase is small, the diffusion front
reaches the wall early.

Our experience indicates that the experimental design is
rather insensitive to the value of the diffusion coefficient. This
is in accordance with the analysis of Emery and Nenaroko-

Ž .mov 1998 , who observed low nonlinearity of the heat equa-
tion with respect to the transfer coefficient. For all measured
values of the diffusion coefficient D, it was found to be opti-
mal to position the measurement zone at the boundary. Only
the optimal amount of initial substance is dependent on the
value of the diffusion coefficient. Furthermore, it is advanta-
geous to perform repeated short experiments instead of just
a few longer runs.

The benefit of the use of optimal experimental design
techniques will be demonstrated by comparison with two
other designs.

� First, we consider the setup most commonly used today
to obtain precise measurements of diffusion coefficients by
interferometry. Here, the diffusion experiment is performed
in a similar diffusion cell, but free boundary conditions are
required. The measurement then takes place around the po-
sition of the initial sharp interface.

� A second design is the ‘‘intuitive design,’’ which is to fill
the diffusion cell equally with both mixtures and to observe
the zone around the initial boundary.

Table 1 compares the variance of the diffusion coefficient
obtained by these two designs with the optimum found. The
precision of the measured diffusion coefficient can be sub-
stantially improved by careful selection of the free variables

Table 1. Comparison of Diffusion-Coefficient Variance for
Different Experimental Design

Free Intuitive Optimal
Design Diffusion Design Design

2 2Ž .Scaled variance 
 r
 3.03 3.31 1.0D D ,opt

of the measurement procedure. The analysis shows that the
variance of the estimated diffusion coefficient can be re-
duced by a factor of 3.0 to 3.3 by using the optimal experi-
mental setup compared to the design used in practice today
and the intuitive design.

Model-Based Estimation of Diffusion Coefficients
In order to infer the coefficient from the concentration

measurements, a nonlinear parameter estimation problem
with a system of partial and algebraic equations as con-
straints has to be solved. This formulation is more flexible
than the methods depending on an analytical solution for the
diffusion coefficient. Our goal is to minimize the experimen-
tal effort by exploiting the possibilities of the optimization
approach. In most diffusion measurement techniques de-
pending on the stable layering of two liquids, a sharp inter-
face between the two mixtures is used as an initial condition.
This condition is usually obtained by feeding the two phases
from both ends of the diffusion cell and withdrawing of the

Ž .mixture at the position of the interface Dunlop et al., 1972 .
In contrast, our method does not require a sharp phase

interface. Instead, the initial profile itself is estimated to-
gether with the diffusion coefficient. Due to this procedure
the preparation time for each experiment is negligible.

In our approach the first measurement corresponds to time
ts0. The profile is smoothed by a smoothing spline routine
Ž .Reinsch, 1967 . In order to compensate for nonidealities
from the experimental procedure, a potential correction of
this profile is introduced by adding a spline function to the
initial profile. The parameters � of this correction spline are
additional free variables of the optimization problem. The

Ž .initial condition x z is therefore estimated from0

x z s x � , z q x x , z . 23Ž . Ž . Ž . Ž .0 spline smooth 0,measured

Assuming the measurement errors to be additional and
normally distributed, the maximum likelihood formulation
reduces to standard weighted least squares, which can be for-
mulated as

J K
2

min w x t , z y f t , z , D , � , p , 24Ž .Ž . Ž .Ý Ý jk j k j k
� , D js1 ks1

constrained by the model equations and bounds. This prob-
lem can be solved with standard software for parameter esti-
mation in dynamical systems.

The effect of simultaneous estimation of the diffusion co-
efficient and initial condition was tested in numerical investi-
gations. In order to illustrate the effect, a simpler parameter-
ization of the initial condition will be analyzed. Investigators
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Figure 9. Confidence ellipsoid for two measurements
( )dash-dotted line and 60 measurements
( )solid line .

Ž .see Dunlop et al., 1972 usually compensate for an imperfect
interface by introducing an offset time span, � t. The finite
width of the initial boundary corresponds here to the effec-
tive time, � t, it would have taken for an infinitely sharp

Ž .boundary to diffuse to that width Miller et al., 1993 . Based
on simulated data we calculated the confidence ellipsoids for
the parameters. Figure 9 shows the results for the case of just
two profiles and a complete set of profiles.

It can be seen that the two variables are not correlated
even if only two profiles are considered. The correlation co-
efficient is R sR sy0.0179. This study indicates that no12 21
information concerning the desired diffusion coefficient is lost
by the additional estimation of the initial condition.

The simple parameterization with an offset of � t is not
able to properly capture the initial profile obtained by our
fast experimental procedure. Therefore, we introduced the
spline correction as explained earlier. The analysis of the
spline showed similar results. There always is a very small
correlation between the diffusion coefficient and the spline
parameters. The number of spline parameters was chosen to
minimize the correlation between them. Based upon this
analysis, the described method is applied to the real data ob-
tained by Raman spectroscopy.

Experimental Results
Piecewise constant estimation of diffusion coefficients

For validation of the new measurement technique we have
studied the thermodynamically nearly ideal binary mixture of

Ž . Ž .toluene 1 
cylohexane 2 at a temperature of Ts294.15 K
Ž .21�C . Each of the four experiments took about 1.5 h, during
which we recorded 60 concentration profiles. The spatial res-

Ž .olution, � z, was calculated as 0.0220 mm MF 0.9146 .

The estimation procedure was carried out as just de-
scribed. A plot of the residuals over time showed substantial
lack-of-fit for the model. The analysis showed that the exact
position of the lower boundary is crucial for the correct esti-
mation. Therefore, an additional parameter, � z , was intro-0
duced in the estimation problem in order to compensate for
errors in the positioning of the diffusion cell relative to the
optical axis. Because of the high flexibility of the model-based
estimation procedure, the inclusion of a further parameter is
straightforward.

The results are presented in Table 2. It includes the initial
concentrations of the two phases, x , x , the calculated mu-I II
tual diffusion coefficients, D, and associated uncertainties.

The quality of the final estimation is assessed by a compar-
Ž .ison of the residual sum of squares RSS with the value ob-

tained by fitting a smoothing spline to the data. Since the
smoothing spline simply removes the noise without consider-
ing any physical dependencies, its residual can be taken as a
lower bound for any model based on first principles. It can
be seen from Table 2 that the model fits the data very accu-
rately. The residual sum of squares is only 1.6 to 3.8 times
larger than the value obtained by smoothing. This value is
very small, considering that there are still systematic mea-
surement errors that cannot be estimated.

It should be noted that correlation between the introduced
coordinate shift, � z , and the diffusion coefficient, D, is sub-0
stantial. Values for the correlation coefficient, R sR ,12 21
range from 0.75 to 0.84. The exact measurement of the
boundary position will therefore be included in further inves-
tigations.

Figure 10 compares the measured values for the diffusion
coefficient with estimates from the literature. The figure

Figure 10. Estimated diffusion coefficient vs. literature
data and NMR measurements.

Table 2. Estimated Diffusion Coefficients and Precision for the System Toluene–Cyclohexane at 21�C

Conc. Range D � z0y9 2w x w x Ž .x 
 x 10 m rs mm RSS RSS SplineI II
y3 y30.00
0.23 1.5179�0.0022 0.1211�0.0025 6.86�10 1.82�10
y3 y30.26
0.47 1.6445�0.0031 0.3811�0.0039 10.6�10 2.91�10
y3 y30.47
0.70 1.7604�0.0029 0.3134�0.0034 19.2�10 11.8�10
y3 y30.80
1.00 1.9818�0.0037 0.1890�0.0034 7.57�10 3.88�10
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shows the estimated piecewise constant coefficients, the val-
Ž .ues from Sanni et al. 1971 , and NMR measurements of

Žtracer-diffusion coefficients I. Bartusseck, S. Stapf, and B.
.Blumich, personal communication, 2002 . The tracer-diffu-¨

sion coefficients, D�, of cyclohexane and toluene correspond
Ž .to the values of the Fick diffusion coefficients, D x s1toluene

Ž . Ž .and D x s0 , at infinite dilution Cussler, 1976 . Thetoluene
values given are extrapolated from a fit to several tracer dif-
fusion experiments. Their relative error is given by �3%. The
temperature correction of the values was performed using

Ž .Tyn’s correlation Reid et al., 1987 . Figure 10 shows that the
diffusion coefficients measured by the new technique are in
accordance with the other results. There is a difference in
the region of high toluene concentration. But it should be

Ž .noted that in the work of Sanni et al. 1971 the values at
infinite dilution were obtained by extrapolation of a fitted
polynomial. The NMR data points suggest that the true value

Ž .is lower than the measurements by Sanni et al. 1971 . A rig-
orous comparison will be performed with the temperature-
controlled cell.

Direct estimation of concentration dependence
The established methods for the measurement of diffusion

coefficients require several point measurements of the diffu-
sion coefficient to be made. The values are then interpolated
to estimate the concentration dependence over the whole
concentration range. In contrast, our model-based approach
offers the possibility of estimating the concentration depen-
dence of the diffusion coefficient directly. For the
toluene
cyclohexane system, the concentration dependence
of the Fick diffusion coefficient can be approximated by a

Ž .low-order polynomial with good accuracy Sanni et al., 1971 .
Therefore, we propose two candidate models for the diffu-
sion coefficient

D sD x qD 1y x , 25Ž .Ž .L CT T TC T

2D sD x qD 1y x qD x y0.5 . 26Ž .Ž . Ž .Q CT T TC T quad T

These functions replace the constant coefficient D in Eq.
14. Since the developed model is able to describe the whole
concentration range, we can use the data from all runs simul-
taneously to estimate the unknown coefficients in the model
Ž .Eqs. 25, 26 . The offset � z and the correction spline values0
were taken from the fits shown before in order to reduce
correlation. The results are shown in Figure 11.

The diffusion coefficient was estimated as

D s 2.028 x q1.433 1q x �10y9 m2rs, 27w x Ž .Ž .L T T

2D s 2.028 x q1.394 1y x q0.288 x y0.5Ž . Ž .Q T T T

�10y9 m2rs. 28Ž .

The residual sum of squares is only 2.5 times larger than the
value obtained by spline smoothing. This shows a very good
accuracy for the fit. On the other hand, the residual value for
the quadratic model is only 10.7% smaller than for the linear
case. This suggests that the additional parameter in the model
might be statistically ill-determined.

Figure 11. Estimated concentration dependence of dif-
fusion coefficient.

The results show that the new experimental technique al-
lows the direct estimation of the concentration dependence
with good accuracy. This makes the measurement of single
points in a large number of experiments and the interpola-
tion by a polynomial unnecessary. In principle, it should be
possible to obtain all information from a single experiment.

Conclusions
The development of a suitable model for diffusive mass

transfer in liquid multicomponent mixtures is not possible to-
day due to the limited experimental data available. In this
work we presented a new measurement technique combining
Raman spectroscopy and model-based methods for the ex-
perimental analysis. The aim of the development is the mea-
surement of diffusion in multicomponent reactive mixtures.

The advantage of the use of spectroscopic methods is their
general ability to directly determine the mole fractions of all
components in multicomponent mixtures. In this work Ra-
man spectroscopy has been applied for the first time to the
high-resolution measurement of concentrations in binary liq-
uid mixtures. The experimental setup has been optimized us-
ing model-based techniques. This led to the use of restricted
diffusion experiments improving the measurement precision
of the diffusion coefficient over conventional designs by a
factor of 3.0. The duration of the experiment could be re-
duced by selecting optimal experimental times. Furthermore,
the use of model-based techniques does not require a step
profile for the initial concentration. This reduces the experi-
mental preparation time substantially. In the model-based
approach it is also possible to determine the diffusion coeffi-
cient with its concentration dependence directly from the ex-
perimental data. These results from the application of these
model-based techniques can be used as well to enhance other
diffusion measurement techniques. The novel method has
been illustrated with the toluene
cyclohexane binary system.

In the future, the methodology presented in this work will
be applied to multicomponent mixtures where the main ben-
efit of the new measurement techniques is expected. For the
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concentration determination with Raman spectroscopy the
components must be nonfluorescent and Raman-active. This
is in general a minor limitation, but lower precision is ex-
pected for mixtures of one atomic species, for example, salt
mixtures of NaCl and MgCl . The combination of modern2
high-resolution spectroscopic measurement techniques and
model-based experimental analysis methods is considered to
be the adequate basis for the development of suitable models
describing the diffusive mass transport in concentrated liquid
mixtures.
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Notation
Asintegral intensity, Wrcm � sr
csconcentration, molrm3

dsthickness of irradiated sample, m
DsFick diffusion coefficient, mrs
D
 sMaxwell
Stefan diffusion coefficient, m2rs
FsFisher information matrix
Isintensity of radiation, Wrcm2 � sr
Jsdiffusion molar flow, molrm2 � s
kscalibration factor Raman assembly
Lsheight of diffusion cell, m

MFsoptical magnification factor
Nsnumber of experiments
n snumber of components in a mixturec
psfree variables in experimental setup
rsradius of laser beam, m

Rscorrelation matrix
ssRaman scattering coefficient, cmy1 � sry1

sssensitivity of x with respect to D, srm2

tstime, s
Tstemperature, K

uV sconvective bulk velocity in volume-average reference
frame, mrs

®� sconvective bulk velocity in molar-average reference frame,z
mrs

Vsspecific molar volume, m3rmol
wsweight in least-squares objective
xsmolar fraction
zsspatial direction

Greek letters
� sactivity coefficient of component ii
� stotal optical efficiencyO
�sspline parameters
� sfrequency, m
�sradiant power, W

�� stime of exposure

Subscripts and superscripts
0spure component
Cscyclohexane

i, j, k, lscomponents i, j, k, and l
Lslinear
tstotal mixture

Qsquadratic
Tstoluene
Esexcess
Vsvolume-fixed reference frame
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